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For many transport models of realistic systems a scheme based upon 
layered use of slabs of different properties is common. Such a system is shown 
in Fig. 1 for the simplest case of two adjacent slabs. 
The general approach to determining composite properties of layered 
slabs is to evaluate the transport variables, such as the reflection and trans- 
mission, for each slab and combine the results by matching boundary values. 
Aronson [l] has applied this scheme and has called it the “transfer matrix” 
FIG. 1. Two-slab model for unit-cell transport process. 
* On leave from Department of Nuclear Engineering, Kansas State University, 
Manhattan, Kansas 66502. 
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method. The difficulty in this scheme is twofold: (I) it requires the detailed 
evaluation of all the properties of each individual slab whether or not this 
information is of interest, and (II) it usually requires the inversion of a 
high-dimensional matrix in order to match the boundary conditions from 
slab to slab. This matrix inversion in addition to producing inaccuracies also 
consumes a large computer storage space, particularly if double precision 
arithmetic is necessary; thus, many times, these methods are not suited to 
smaller sized computers. 
An iterative procedure has been determined that does overcome many of 
these disadvantages. This scheme is based upon the invariant imbedding 
approach to transport theory [2], [3] w h ere equations that are stable [5] for 
numerical integration are generated. 
In using a multilayer model of a transport system it is common for each 
individual layer to be homogeneous and isotropic within itself. Thus the 
properties for particle transport can usually be considered constants. However, 
this restriction is not at all necessary for the procedure to be employed. In 
such applications, many times a repeating pattern of these layered slabs is 
observed where center lines of symmetry can be established. A simple two- 
layered system is shown in Fig. 1 for example. If symmetry lines are not 
available, then the system is carried to the boundary where a vacuum is 
assumed to exist. 
Each slab has the usual transport properties of mean free path and particle 
absorption to scattering probability ratio. In addition, each layer may have 
its own internal source of angularly dependent particles. Thus, the invariant 
imbedding transport response [4] of reflection function, transmission function 
and escape function can be considered as basic quantities for each layer. 
However, for many applications the determination of the transmission 
function is not required. Therefore let 
Rfj(x) = reflection function of the Kth slab of thickness x mean free paths 
where the output is in state i and input in state j, 
,!&(x) = right-side escape function of the kth slab of thickness x mean free 
paths from an internal source, sjk(x), where the state of the source 
is j and the state of the escaping particles is i. 
This discrete nomenclature is convenient to apply and in the examples used 
will represent the angular dependence of the particle distributions. A similar 
left-side escape function can be defined. 
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For transport of one-speed particles in slab geometry the symmetric form 
[4] differential equations for these properties, assuming isotropic scattering, 
become 
dR.. 
A= - d.r [ $+$]Rij+(3)riri (i=1,2 ,..., ~;j=i,i+~ ,..., N), 
(1) 
where wc represents the weighting factor for the pl angular position. It is 
noted that sd represents the inwardly directed source while si is the outwardly 
directed source. Here p = cos 0 in general so that Gaussian partitioning of 
the p-values is normally employed. The slab superscript, K, has been 
uniformly suppressed in these equations and the slab properties are expressed 
by c, the mean number of secondaries per collision or the scattering to total 
interaction probability. In addition, the right or left-side escape designation 
has also been omitted. The initial conditions on these equations are 
R,,(O) = 0, (4) 
El(O) = bi . (5) 
If bi = 0 for all i, then the escape probability from the source is calculated. 
If bi f 0, then the escape function gives the combined result of transmission 
of the boundary input and the internal source leakage. Thus in the Aronson 
approach these equations plus those for the transmission function would be 
solved for each slab and the results combined by matrix theory to determine 
the composite properties. 
In many practical uses of transport theory the quantity of interest is the net 
particle transport between slabs. Thus let 
Jk,,.+l = f Wi(Uik - 7$+l), (6) 
i=l 
where 
uiL = the partial current of the ith state (angular direction) moving in the 
positive x-direction at the right-hand boundary of the kth slab, 
v%+’ = the partial current of the ith state (angular direction) moving in the I 
negative x-direction at the left-hand boundary of the (K + 1)st 
slab. 
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With this information, for example, the relative absorption rates for each slab 
can then easily determined. 
From the definition of R and E the equations for u and v become 
(7) 
where h implies the cumulative effect for slabs 1,2,..., k and w is the cumulative 
effect for slabs k + 1, k + 2,..., K. Equations (7) and (8) can be combined 
and solved by matrix inversion or they may be solved in the present form by 
iteration. If Eq. (5) is known precisely (a vacuum boundary) the ER and EL 
are uniquely determined if the source is specified; however, for symmetry 
boundaries this is not the case and the result becomes 
vi1 = uio = Eii + 5 wcuc”&2pc 9 (9) 
d=l 
However, this scheme implies a further iteration on the ER and EL equations 
themselves since no known starting condition is present. 
Two SLAB MODEL 
The simplest case where this procedure can be applied is that of only two 
adjacent slabs as Fig. 1 shows. For this system the following iterative scheme 
is employed: 
1. Set EoRi = 0. 
2. Calculate E& and Rfj by Eqs. (l)-(3). 
3. Store Eii and Rtj . 
4. Calculate l?ii by not reinitializing either the ER or R functions. 
5. Solve Eq. (10) for uia = vi3 by using iteration with a first value of 
ui2 (initial) = & . 
6. Initialize Eii = vi3. 
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7. Calculate Eii and Z?fj by integrating Eqs. (l)-(3) in the negative x-direc- 
tion, thus solving for EL rather than ER . Naturally the source must be set 
up for this direction also. 
8. Store Eii and Rfj , 
9. Calculate l?ii by not reintializing either the EL or R functions. 
10. Solve Eq. (9) for uio = vi1 by using iteration with a first value 
of vel (initial) = l?ii . 
11. Solve Eqs. (7) and (8) in the modified form 
Vi*(O) = I??:< 3 
where m is in iteration index. 
12. Calculate J1,2 from Eq. (6) and compare with previous result. 
13. If JLZ has not converged, then set ,5& = u: and repeat the 
sequence starting at step 2. 
This sequance is simultaneously performed for all i and j. A Runge-Kutta- 
Gill routine is usually used to solve the set of ordinary first-order differential 
equations that occurs. Generally, ten to fifteen inner iterations (Eqs (7)-(10)) 
are required while about fifteen outer iterations for four place accuracy with 
single precision arithmetic are employed. It is to be noted that because of 
TABLE 1 
CONVERGENCE R.\TE OF NET PARTICLE TRANSPORT 
BETWEEN Two ADJ.KENT SLABS (IV = 3) 
Number of 
iterations 
1 
2 
5 
10 
17 
/ I.2 lm 
-0.7939 - 
-0.7757 -0.7575 
-0.7558 -0.7523 
-0.7513 -0.7510 
-0.7509 -0.7509 
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step 1 in the sequence, a faster convergence will be obtained if slab (1) is more 
highly absorbing than the second slab. 
Results for the calculation of the following problem are presented in Table 1. 
Slab 1: c = 0.56890 
a = 0.21051 
si = 0 
Slab 2: c = 0.99276 
a = 0.81120 
si = 03000 
It is seen that seventeen iterations produced four place accuracy. Also 
shown in Table 1 is the result of applying Richardson’s extrapolation [6] to 
the iteration sequence. For this it is found that the error decreases by approxi- 
mately a factor of two for each successive iteration; therefore, 
Jm = 2Jm - Jm--l . (11) 
This result shows that after ten iterations the answer can be effectively 
determined by the extrapolation. However, as with all extrapolations, it 
must be checked with a typical case before it can be generally accepted. In 
addition, using extrapolation ideas on the ui and vi themselves may produce 
increased convergence rates. 
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